2022 H2 MATH (9758/01) JC 2 PRELIMINARY EXAMINATION SOLUTION

Qn Solution

1 Sequences and Series

i |3 2 5 3(r+l)(r+2)+2r(r+2)-5r(r+1)

ror+l r+2 r(r+1)(r+2)
_3r?+9r+6+2r>+4r—5r> —5r
r(r+1)(r+2)
_ 8r+6
r(r+1)(r+2)

(i) n 4r+3 1 8r+6
,Zr r+1)(r+2) Zér(r+1)(r+2)

J“(LL_LJ
25\r r+1 r+2

n

3 2 5 j
_+__—

n n+l n+2

3 2 3 5 2 5 j
201 ey

2 2 n+l n+l n+2

113 5
"4 2(n+1) 2(n+2)

" 4r-5 &2 4r+3

Sr(r-1)(r-2) Sr(r+1)(r+2)
11 3 5
“4 2(n-1) =
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Qn Solution
2 Integration
(@) 1
J' L dx= #(sin‘lx) 2 dx
\/(1—x2)sin‘lx (l—xz)
1
(sin’lx)2
_T+C
2
=2+/sin" x+C
b _ _
(b) sz3 dX:;foz i 2 g
X —2x+4 2) x°=2x+4 (x—l) +3
1 2 x—1
=ZIn(x*-2x+4)-—=tan'=——=+C
Note: x*—2x+4 :(x—l)2 +3>0 . Therefore, modulus is not required
for In(.)
Qn Solution
3 Chapter 11 Definite Integral
Isy dx 2 2\/5
0 whenx=8,(at) =8=>t=—
203 a
= [ = e (2a’)dt whenx=0,(at)’ =0=1t=0
- 242 2z
| a 0 o @ dx )
—=2at
A dt

— 2e2V2 (2&-1)+2
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Solution

Graphing and Inequalities

y
A
\ y=[3-
> X
0.697 3 4.30
-3
y=—x+5x—3

—Xx?+5x-3=[3- |

—x>+5x-3=3-x or —Xx?+5x-3=—(3-x)

For x<3:
—x*>+5x—3=3-x
x?—6x+6=0
6+./6%—4(1)(6
LR : (1)(6)
:6iJ1_2

2
—3+./3

—3-+/3 sincex<3

For x>4:

—x* +5x—3=—(3-x)

X —4x=0

x(x—-4)=0

x =0 (reject since x >3) or x =4

—X* +5x—3<|3-X

Using graph, x<3—+/3 or x> 4
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Qn Solution
5 Maclaurin Series
ld—y:kcoskx
y dx
d—y=kycoskx
dx
d? : dy
—2 =ky(—ksinkx)+k —=coskx
20 dy
=—k*ysinkx+—=(k coskx)
dx
dy( 1dy
=—k*yIny+—=| ===
yiny dx{ydx]
2 2
—¥+k2ylny—l(d—yj =0
y Ldx
Whenx=0,y=1
ay
dx
ey _
dx?
2,2
y=1+kx+ +...
y:esinkx

k3x®

6

;

+
2

3,32
33 [kx—k6x j [kx—
=1+[kx— 6X j+

33

=l+kx—k X +1(k2x2)+1(k3x3)+...
6 2 6
2,2

=1+kx+ +... (verified)

Coefficient of x* =0

6

+..

Page 4 of 17




oQn

Solution

Applications of Differentiation

(@)

The water forms a smaller cone of radius r and height h.
From the diagram, by similar triangles,

r
h

Let the volume of water in the cone be v .

V =17zr2h
3

v ="
12
av _ 7 e
dh 4
Given: v _ -1.5cm’/s
dt
When h =2,

v _dv dn
dt  dh  dt
15 F o

4 dt

dh 3
—=——cm/s
dt 2r

The rate at which the water level is decreasing at Zicm/s.
7T

(b)

tan9:¥ ..DM =5tan@

cosé’:i .. AD =5sec@
AD

DA+ AB+BC =20
5sec@+ AB +5secd =20
.. AB=20-10secd

Area of trapezium ABCD

=%@XAB+DC)

= g(z(zo—losec9)+ 2(5tan )

=100-50secd +25tand (shown)
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(ii) | A=100-50secé +25tané

3—2 =-50secHtan @+ 25sec’ O =0

25secd(—2tan@+secd)=0
25secd=0 or 2tan@=secd

(NA) sind =

0=

oy N

A:100—503ec(%]+25tan(%)

=100-50 (%J +25 (%J
=100 n

V3

- (100— 25J§)cm2
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Qn Solution
7 Functions and Transformation of curves
(@)
() S
;
: > X
)
x=1
Lety= a(x + ij
x-1
dy =0 =>x=00r2
dx
(a) Since the line y = 4a cuts the graph of y = f (xX) more than once, f is not
(i) a one-one function, hence f does not have an inverse.
@ | Ry =(-»-a]u[3a,©) D =R\{-11}
(i) Since a>1, -a<-1 and 3a>1
Since Ry €Dy, ..gf exists.
(b) x2-4

y=e 12
L A:Replace x by — = 2x

(%)

(2x)*-4 X1
y =e 12 =g 3

I B: Replacey byy+1
x?-1
y+l=e *
4 C: Replacey by x and x by y

y -1

y? =3In(x+1)+1
wy>0,y=3In(x+1)+1
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S y=q(x)=43In(x+1)+1

1
Range of C: (63,00J

oot
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Qn | Solution

8
(1) -2 5
Equation of |, : r=| —1l+4l 2| where 1eR
3 -3
1
Equation of [, : r{ol=3
1
1 5 -2 -1
Normalof P, =|0|x| 2 |=| 8 |=2| 4
1 -3 2 1
1 -2\ (-1
Hence, equation of P, : r-l 4 |=| =111 4 |=22-4+3=1
1 3 1
Cartesian equation of P,: —x+4y+z=1
(i) Solving X+2=3---()
—X+4y+z2=1--—(2)
X=3—-u
From GC: y :1_Eﬂ
2
Z=u
3 -2
Hence, equation of |, : r=|1l+al —1| where g er
0 2
(i) | Let £ be the foot of perpendicular from B to P,
Method 1:
0 -1
Let lae : r=|4l+t] 4 where t « ®
3 1
—t -1
Sub into equation of P, : 4+4t |- 4 |=1
3+t 1
t+16+16t+3+t=1
t=-1
0-(-1)) (1
Hence, OF =| 4-4 |=|0
3-1 2
1
Perpendicular distance from B to P, :k=‘BF‘= -4 (=32
-1
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Method 2:
Since F ison l,as P, and P, are perpendicular planes,

- 3 -2
OF = r_|1|4a| -1
0 2
3-2«x 0 3-2«x
BF=OF-OB=| 1-a |-|4|=| 83—«
2x 3 -3+2«x
-2
BF .| -1|=0
2
3-2a ) (-2
3-a || -1|=0
—3+2a) | 2
—-6+4a+3+a-6+4a=0
a=1
3-@)) (1
OF =| 1-1 |=|0
2(1) 2
1
Perpendicular distance from B to P, :k:‘ﬁ‘: —4||=32
-1

(iv) | Since the perpendicular distance from B to |, is 3V2 , the lineson P, with a

distance of 3v/2 must be parallel to |,.

Using ratio theorem, find the reflected point B" in the line |,

1 0 2
OB'=20F -OB=2|0|-|4|=| -4
2 3 1
Hence, equation of lines:
0 -2 2 -2
r=4+p -1 where feR or r=-4|+y| -1 yelR
3 2 1 2
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Solution

Complex Numbers

Given z=x+1ly, X, yeR
() ()
2z
_(x=vi)
X+ Yi

_ (x=yi) (x=vi)
(x+yi)(x-yi)
_ (i)
= (yi)'
:x3—3x (yi)+3x(yi)2—(yi)3
xX* +y?

X =3x%yi-3xy? + Yo

- X2+ y?

_x?’—?,xszr -3x° y+y
X2 +y? x* +y?

Given ﬂ isreal — |m[(22)’}—o

Z
-3’y +y°
T
-3x°y+y*=0
y(y2—3x2):0
y(y-3x)(y++3x) =0

y =0 (rejected as y is non-zero), y= J3x  or y= —3x

=0

Since |z|=1= x*+y* =1,

For y=+3x,, X2 +(iJ§x)2 _

. Possible values of z are

1[ 1,831 48, 1

=+ =i, ———ior -
2 2 2 2 2 2

V3.
-k
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(b)

Let z=x+1y, X,yeR

(x+iy)” =33+56i
X% + 2xyi — y* = 33+ 56i

Comparing real and imaginary parts,
X —y* =33 (1)

2Xy =56

28

y=—

X

~(2)

Substitute (2) into (1):

x2—(§j2=33

X
x*—33x*-784=0

(x*—49)(x*+16)=0

Sincexisreal, x=-=7 or x=7

When x=-7,y=-4 LZ=—1-4i
When x=7,y=4 SZ2=T+4i

-.the roots of the equation are —=7—4i and 7+4i.

w? = —33+56i

—w? =33-56i

(-w* ) =33+56i (conjugate both sides)
2 .

—(w")" =33+56

i2 (W")2

(iw')’ =33+56i

=33+56i

Replace z by w’ ,

W =-7-4i or iw =7 +4i
W =-7i+4 -wW'=7i—-4
w =7i-4 w=-7i+4
w=-4-7i wW=4+7i
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oQn

Solution

10

Differential Equations

(i)

Sincey:d—X:>

dy 10-0.1y* (shown)

2 2
d—§+o.1(%j =10
dt

dt
dy _dx
dt ~ dt dt?

d—y+0.1y2 =10
dt

at

(i)

dy

dt

=10-0.1y* =0.1(100- y?)
1 dy_

100—y® dt

1

dy = [0.1dt
JlOZ—y2 y I

0.1t+C

In‘

1 o+y|_
2(10)

10-y|
10+y
10—y

=2t+20C

10+y _ yg2t+20C

10

1O+ y — AeZt

10

-y
, Where A = +e%¢
-y

Whent=0,y=0,.. A=1
10+y=e*(10-vy)
y(1+e)=10(e* -1)

y:

dx
dt

X

1o(e2t —1)
e” +1

_1o(e2t —1)
ety

et 1
=10 -
(eZ‘ +1 e* +1J
_10 e2t e—2t
STl e 41 14e®

2t -2t
=5 fte o e 2t dt
e +1 1+e

= 5(In ‘e” +1‘+ In ‘1+ e‘Zt‘)Jr D

:5(In(e2t +1)+In(1+e‘2‘))+ D ,e?+1>0andl+e?>0

:5In(2+e2t+e’2t)+d
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Whent=0, x=0, d =-5In4
x:5ln(2+e2t +e’2‘)—5ln4

2t -2t
X:5.n(2+eT+eJ

(i) | When t=2,x=13.3m (3s.f.).
The squirrel has fallen 13.3 metres.

(V) Note that y = % is the velocity of the falling squirrel at any time t.
10(e* -1)

ST
10(1-e?)

y

1+e™
Ast >, € >0, y —>10
Hence, the terminal velocity of the falling squirrel is 10 m/s.
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oQn

Solution

11

APGP

(i)

n(no. | Total amount in account A at the end of n'" year
of
years)

1 1000(1.035)

2 [1000+1000(1.035) |1.035
= 1000(1.035+1.035°)

3 [1000(1.035 +1.0352 )]1.035
:1000(1.035+1.0352 +1.0353)

n 1000(1.0:';5+1.0352 +1.035° +...+1.035")

Total amount in account A at the end of n years
= 1000(1.035+1.035° +1.035° +...+1.035" )

1.035(1—1.035”)
1-1.035

= 1000

1.035(1.035" —1)
1.035-1

= 1000

_ 207000

(1.035n —1)
207000

Therefore, p= and q=1.035.

(i)

Method 1:
Using result from part (i),

When n =23, 207000 (1.03523 —1) - 35666.53 < 36000

When n=24, 207000

(1.03524 —1) =37949.86 > 36000

When n =23, total amount in account A at the end of 2045 =
$35666.53

Total amount in account A at the start of 2046
= $35666.53 + $1000 = $36666.53

Hence, the total amount in account A first exceed $36000
on 1 January 2046.

Method 2:

n(no. | Total amount in account A at the start of n'" year
of

years)

1 1000

2 1000+1000(1.035) =1000(1+1.035)
3 [1000(1+1.035)]1.035 +1000

=1000(L+1.035+1.035)
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n 1000(1+1.o35+1.0352 n ...+1.035“*1)

Total amount in account A at the start of the nth year
=1000(1+1.035+1.035° +...+1.035"*)

£1(1—1.o35“)J
= 1000 2"/
1-1.035

_ 200000
7

(1.035n —1)

Using GC,

When n=23, 200000

(1.03523 —1) = 34460.41 < 36000

When n=24, 200000

(1.03524 —1) — 36666.53 > 36000

Since n =24, the total amount in account A first exceed $36000
on 1 January 2046.

(i)

n(no. | Total amount in account B at the end of n'" year

of

years)

1 1000+ 40

2 (1000 +40)+(1000+36) + 40
= 2(1000) + 36+ 2(40)

3 [ 2(1000) +36 +2(40) ] +(1000+2(36)) +40
=3(1000) +(36 +2(36)) +3(40)

n N(1000) +36[ 1+2+...+(n—1)]+n(40)

Total amount in account B at the end of n years
= Nn(1000) +36[ 1+2+...+(n—1)]+n(40)

= n(1040) +3s{@}

207000

- (n=1)n
(1.035 1)>n(1040)+36{ >

n-1)n
207000 (1.035" —1)—n(1040)+36{( > ) }o
Using GC,
When n=6,
207000

(1.035° ~1)—6(1040) + 36{@} =-0.592<0
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When n=7,

207000 (1.035" —1)-7(1040) + 36 { (7-17

2

} =15.687 >0

Leastn=7

Therefore, the total amount in account A first exceeds the total amount
in account B in 2029.

(iv)

At end of 31 Dec 2032, n=10

10(1040) + k 1.035% -1)

[(10 —1)10} N 207000(

[207000(1.03510 -1)
k >

e —10(1040)}

1
45
k>38.711

Least k =39 (to the nearest whole number)
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